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The twin paradox, which evokes from the the idea that two twins may age differently because
of their relative motion, has been studied and explained ever since it was first described in 1906,
the year after special relativity was invented. The question can be asked: “Is there anything more
to say?” It seems evident that acceleration has a role to play, however this role has largely been
brushed aside since it is not required in calculating, in a preferred reference frame, the relative age
difference of the twins. Indeed, if one tries to calculate the age difference from the point of the
view of the twin that undergoes the acceleration, then the role of the acceleration is crucial and
cannot be dismissed. In the resolution of the twin paradox, the role of the acceleration has been
denigrated to the extent that it has been treated as a red-herring. This is a mistake and shows a
clear misunderstanding of the twin paradox.
PACS numbers:
I. INTRODUCTION
The twin paradox corresponds to the following set of
events and observations. Two twins are at rest in an
inertial reference frame. Both carry physical clocks that
are synchronized. One of the twins stays put, we will call
this twin A. The other twin, who we will call B, takes a
trip and goes away for a while and then returns, usually
at relativistic speeds to bring out the paradox. When
the twins are back together, they compare their clocks
and they find that the clock of B shows less time to have
elapsed than the clock of A, thus B is younger.
The paradox exists at two levels. The first level is for
those unfamiliar with special relativity, for this cohort,
everyone ages at the same rate. Hence they ask “How
can one twin become younger than the other?” We can
dispense with the paradox for this cohort by simply ex-
horting them to go learn what special relativity has to
say. We will not consider it further.
At the second level, for the cohort familiar with spe-
cial relativity, it is clear that because of the motion, due
to special relativistic time dilation, the clock of B must
be slower. However, the paradox returns for a specific
journey as shown in Fig. (1), in the specific approxima-
tion where we neglect the accelerating parts of the jour-
ney of B. Consider the journey where A remains always
at rest, but B first accelerates forward for a short time,
then coasts at constant velocity for a long time, then
decelerates to velocity zero and continues to accelerates
backwards for a short time until his or her velocity has
reversed, then coasts again for a long time and finally ac-
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celerates forward for a short time until his or her velocity
is zero and he or she is at rest beside A. If the acceler-
ating periods can be taken to be very short compared to
the coasting periods then we can imagine the approxima-
tion that they can be neglected is valid. Then differential
aging can be calculated simply from the periods of coast-
ing, where special relativity is valid. Now the paradox
appears due to the apparent symmetry of the situation.
During the coasting periods as special relativity is valid,
all motion is strictly relative. Hence it is equally valid
that A thinks B has moved and then comes back as it is
for B to think A has moved in the opposite direction and
then comes back. If we can neglect the periods of acceler-
ation, the symmetry of the situation yields the paradox
that each twin thinks the other twin must be younger.
Of course this analysis is fallacious.
What is the crucial difference between the two twins
that invalidates this analysis and eventually resolves the
paradox? It is the fact that one of the twins has not
always been in an inertial reference frame, B has suffered
acceleration. The point is, that even if one neglects the
actual periods of acceleration, the motion of B is simply
not symmetric with respect to the motion of A. There is
a physical turn around point for B, say a star to which B
goes to and then comes back from, and importantly, the
turn around point is at rest relative to A but not at rest
relative to B.
The distance to this turn around point is strictly not
the same in the inertial coordinate system of A and that
of B. Initially, when the coasting begins, if A sees the
turn around point at a distance XF away, then A sees B
coasting towards the turn around point for a time XF /V ,
where V is the coasting velocity. On the other hand
from B’s point of view, B sees the turn around point ap-
proaching with (coasting) velocity −V . Then the simple
Lorentz contraction gives that B finds that the (initial)
distance to the turn around point is only XF
√
1− V 2.
Correspondingly, B observes A receding (coasting) for a
ar
X
iv
:1
80
7.
02
14
8v
1 
 [g
r-q
c] 
 5 
Ju
l 2
01
8
2time XF
√
1− V 2/V . This amount of elapsed (coordi-
nate) time is clearly less than XF /V , the time A ob-
serves B coasting to the turn around point. Therefore,
the coasting periods associated with each twin are sim-
ply not symmetric. This is explicitly and solely because
it is twin B who actually moves, twin B physically accel-
erates and turns around. It is the goal of this tutorial
to elucidate precisely and quantitatively the role of this
acceleration in the twin paradox.
The original twin paradox being as old as relativity it-
self, has obviously been studied extensively since its for-
mulation. Many analyses exist to date. Some analyses
study light signals and their arrival times, sent between
the twins [1]. Some classical analyses perform a full cal-
culation of the elapsed time from the point of view of
both twins, in the case of smooth acceleration periods
[2, 3], or in the limit of instantaneous accelerations [4].
However, these analyses thoroughly use the ideas and
methods of general relativity and in that way although
closest in spirit, are not close in content to the analy-
sis that we will be present here. We will distinguish our
calculations from the previous ones by exemplifying the
crucial role of acceleration. The physical implications of
these calculations has been discussed in [5]. Introductory
relativity discussions of the twin paradox typically avoid
analyzing the full version of the paradox which must in-
clude the role of acceleration. It is held, (wrongly, see
for example [6]), that the study of accelerated reference
frames requires prior knowledge of general relativity. We
find this to be a pity.
It is clear that the calculation of the lapse of proper
time for each twin can be done in any reference frame.
The lapse of proper time being an invariant under change
of coordinates, is independent of the frame in which it is
calculated. With this understanding, there is of course
no twin paradox. However, we still find it instructive to
be able to explicitly compute the elapsed proper time for
each twin, according to each twin. The paradox specif-
ically reappears because of the idea, which is false, that
it is valid to neglect the acceleration and the fact that
we know which is the twin that takes the journey be-
cause of the acceleration, in the calculation of the rela-
tive elapsed proper time, in any frame. Indeed, under
the assumption of acceleration for short times compared
to the coast times, it is perfectly correct to compute the
relative aging, using only one’s knowledge of special rel-
ativity, and neglecting the accelerating parts of the jour-
ney, but only in the reference frame of the twin that does
not take a trip. It is on the other hand, completely false
to believe that this same neglect is correct in every other
reference frame, specifically in the reference frame of the
twin that does actually take the journey. For this, accel-
erated, moving twin, it is crucial to take into account the
acceleration. From the point of view of the accelerated
twin, most of the aging of the unaccelerated twin actually
occurs during the accelerating phase.
Consequently, the aim of this tutorial is twofold: firstly,
we wish to present a calculation of the lapse of proper
time of each twin, according to each twin, using only
change of variables and without any recourse to the ma-
chinery of general relativity and differential geometry as
done in [3]. This will require, to bring home the point, the
derivation of the equations of motions of the movement
of A, as perceived by B, which is simpler and hopefully
clearer than the accounts already found in literature [2–
4]. These accounts are sometimes quite old, they carry
many notational conventions which are nowadays obso-
lete, and which make their reading very dense for any-
body, especially students who are not already well accus-
tomed with relativity. Secondly, we would like to discuss
in which respect this calculation helps in understanding
the twin paradox. Specifically, we will comment on many
points recently presented by Maudlin in his latest book
Philosophy of Physics: Space and Time [7], especially his
position on the non-importance of acceleration of B.
II. THE TWIN PARADOX
Let us start by stating exactly which version of the
twin paradox will be analyzed here: two twins live in
a flat, infinite, 1+1 dimensional Minkowski spacetime.
One twin will take a journey through space, to a fixed
point in Minkowski space, and then return, eventually
coming back to his or her sibling. The twin who remains
at rest the whole time will be referred to as A, while the
twin who takes the journey will be referred to as B. Twin
A is at rest in the given Minkowski space time, while
twin B moves through it, accelerating at times. It is the
neglect of this asymmetry between the two twins that
gives rise to the twin paradox, and taking the asymmetry
into account resolves it. Just before B begins his or her
journey, they both synchronize their clocks, such that
both clocks indicate 0. B accelerates, then coasts for
some time, goes through another acceleration period in
which he or she reverses his or her direction and velocity,
and then coasts back towards A to finally decelerate one
last time, stopping exactly so that he or she arrives at
rest next to A. All 4 periods of acceleration (velocity
of B in the A’s frame varies as: 0 → V ;V → 0; 0 →
−V ;−V → 0) are symmetrical and characterized by a
constant proper acceleration of value g. Both coasting
periods are also somewhat symmetrical. When B stops,
the twins compare their clocks, and we will show that
B will be younger than A. We will calculate the total
elapsed proper time during the trip for each twin, first
in the frame of reference of A and then in the frame of
reference of B.
III. ELAPSED PROPER TIME, FOR AND BY
EACH TWIN
In this section we will explicitly calculate the elapsed
proper time of each twin, and we will do the calculation
twice, once according to each twin. For convenience, we
3will use units in which the speed of light is unity, c = 1.
We will denote the elapsed proper time of each twin by
∆τA(A) and ∆τB(A) for A and B respectively as calcu-
lated by A, and correspondingly, we will denote elapsed
proper time of each twin by ∆τA(B) and ∆τB(B) for A
and B respectively but this time as calculated by B. We
will show explicitly that these are in fact independent of
which twin does the calculation, that is we will show:
∆τA(A) = ∆τA(B) (1)
∆τB(A) = ∆τB(B) (2)
The proper time calculated in an inertial reference frame
is Lorentz invariant. This is because the metric of
Minkowski spacetime, which defines the proper time, is
Lorentz invariant
dτ2 = dT 2 − dX2. (3)
Twin A is of course always in an inertial reference frame
hence invariance under Lorentz transformations is ex-
pected. However, Twin B is not. Therefore, the calcula-
tion of the proper times according to twin B will come
out to be equal to those calculated by twin A because in
fact the proper time is not only Lorentz invariant, but
is diffeomorphism invariant, a fancy name for invariant
under an arbitrary change of coordinates, i.e. it is in-
variant for absolutely any observer. The analysis of this
arbitrary diffeomorphism invariance is out of the scope
of the present article and will not be presented here.
It will become clear that it is much easier to do the
calculation in the reference frame of A, however, it is also
necessary to explicitly do the calculation in the reference
frame of B to show that indeed B will also find exactly the
same values for the elapsed proper times and hence, once
and for all, dispel with the paradox. Most importantly,
for the calculation according to B, it will be seen that it
is crucial not to neglect the periods of acceleration. We
will refer to coordinates according to A by the notation
xµ = (T,X) while the coordinates according to B will be
denoted as x˜µ = (T˜ , X˜).
A. Elapsed proper time of A according to A
The Lorentz frame in which A is always at rest, hereby
referred to as R, is equipped with coordinates xµ =
(T,X). In this frame, the lapse of proper time of A be-
tween events at fixed X is simply equal to the lapse of
coordinate time T . Setting c = 1, with a metric signature
(+,−), we have the infinitesimal elapsed proper time, as
in Eqn.(3), for infinitesimal elapsed coordinate time dT
and infinitesimal change of spatial coordinate dX
dτ2(A) = dT2 − dX2 (4)
where the notation dτ(A) indicates the proper time ac-
cording to A. dX = 0 when A is at rest, therefore,
(T,X) = (TA, 0) for the trajectory of A in A’s coordi-
nates, and hence
dτA(A) = dTA (5)
where now the notation dτA(A) indicates the proper time
of A according to A, and also treating τA(A) as a func-
tion of the coordinate time of A, TA. Thus we see that
the elapsed proper time for A is equal to the elapsed
coordinate time for A. Then we have
∆τA(A) =
∫ ∆τA(A)
0
dτA(A) =
∫ TF
0
dTA = TF (6)
where TF is defined as the elapsed coordinate time for A
when B has returned (and from the calculation, we see
that it is, equally well, numerically equal to the elapsed
proper time for A).
We will find it useful to express TF in terms of some
intermediate times that are relevant to the motion of B,
as seen by A. Figure (1) illustrates the path of B through
spacetime as seen in reference frame R, the dashed seg-
ments representing the accelerating periods and the solid
segments the coasting periods. The greek letters label
different episodes in the motion of B. The first acceler-
ating period of B is referred to as α, the first coasting
period as β, the second and third accelerating periods as
γ and δ, the second coasting period as  and the final
accelerating period as φ. It should be evident that A’s
worldline simply lies along the T axis.
(TB, XB) are the coordinates of B according to A on
its worldline in Figure(1). (T ′, X ′) are the coordinates of
B, according to A, when the first period of acceleration
α ends. A little reflection will convince the reader that
each accelerating period of B lasts for the same amount
of time T ′ in the reference frame R.
L is the spatial length and T0 is the elapsed coordinate
time in the reference frame R, of the coasting periods of
B, which are labelled β and . In reference frame R, B
has velocity V and −V during the coasting periods and
clearly V = L/T0. The world line of B, for the coasting
period β for example, with coordinates (TB, XB) is simply
found by writing down the equation of a straight line with
the correct slope and then ensuring that it passes through
the point (T ′, X ′) as
TB =
(T0 + T
′)− T ′
(L+X ′)−X ′XB + T
′ − (T0 + T
′)− T ′
(L+X ′)−X ′X
′
=
T0
L
XB + T
′ − T0
L
X ′
=
XB
V
+ T ′ − X
′
V
. (7)
We reiterate, TB and XB are the instantaneous time and
spatial coordinates of B, T ′ and X ′ the coordinates when
the first acceleration period ends and T0 and L are the
elapsed coordinate time and distance respectively during
which B is coasting, and all coordinates given in the ref-
erence frame R (i.e. all according to A) and are denoted
4α
β
γ
δ
ϵ
ϕ
�′ �+�′ �+��′ �
� ′
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FIG. 1: Worldline of B, illustrated in reference frame R
on Figure (1). Then the elapsed proper time of A, dur-
ing the coasting periods of B according to A, integrating
Eqn.(5) is
τA,β(A) = τA,(A) ≡ T0 = L
V
. (8)
During all of the accelerating periods the amount of
time that will pass on A’s clock is always the same and
denoted by T ′. Then the elapsed proper time is also given
by T ′,
τA,α(A) = τA,γ(A) = τA,δ(A) = τA,φ(A) = T
′. (9)
Therefore, the total elapsed proper time ∆τA(A) = TF
for A, making references to certain time stamps that A
makes for the trip of B, for the entire round trip of B is
equal to
∆τA(A) = TF = 2T0 + 4T
′ . (10)
B. Elapsed proper time of B according to A
The elapsed proper time for B according to A requires
two calculations, one for the coasting periods and one
for the accelerating periods. Clearly, by symmetry, the
elapsed proper time of B according to A is the same in
the two coasting periods and separately the same in the
four accelerating periods. The motion of B for the period
β where V is constant, satisfies, inverting Eqn.(7)
XB = V TB − V T ′ +X ′. (11)
Then the differential elapsed proper time of B according
to A satisfies
dτ2B(A) = dT
2
B − dX2B
=
(
1−
(
dXB
dTB
)2)
dT 2B
=
(
1− V 2) dT 2B (12)
and hence
τB,β(A) =
∫ T0+T ′
T ′
(
1− V 2) 12 dTB
=
(
1− V 2) 12 T0
=
T0
γV
= τB,(A) (13)
where γV = 1/
√
1− V 2 is the standard Lorentz factor,
and once and for all τB(A) is the elapsed proper time of B
according to A (we expect that the notation is now clear
and we will not have to explain it each time). γV could be
a large number, making in principle, that the proper time
that elapses, during the coasting periods for B according
to A, is very much smaller than the elapsed proper time
for A during these periods. The standard presentation
of the twin paradox is based on this understanding, that
A ages T0 during the coasting phase of B, while B ages
T0/γV < T0, hence B is younger than A. Because B is in
motion according to A, its elapsed proper time is smaller
than the elapsed proper time of A, for the same elapsed
coordinate time.
As this is during the coasting period when both twins
are in inertial reference frames, exactly the same analysis
would apply for B concerning A, and then we are in a
paradoxical situation where each twin thinks the other
must be younger. The resolution of the paradox comes
through the understanding that the two periods are not
symmetrical and additionally through examining what
happens during the accelerating periods.
5For all the accelerating periods, we can first observe
that each accelerating period will last the exactly same
amount of time on A’s clock. This is due to symmetry
under time reversal and parity (invariance under spatial
reflexion). According to A, B accelerating from 0 to V ,
in period α, will take the same amount of coordinate
time as B accelerating from −V to 0 in period φ due to
time reversal invariance. Then by parity this amount of
coordinate time is equal to the coordinate time it will take
to decelerate from V to 0, which is period γ. Decelerating
from 0 to −V , in period δ, will take the same amount of
coordinate time as accelerating from 0 to V of period α,
due to invariance under parity. We will therefore choose
to analyze period α which will be simplest. First we
must understand acceleration in the context of special
relativity.
1. Acceleration in special relativity
We imagine an object moving with velocity V (T ) in
the reference frame R. Then the object’s acceleration is
defined in the Newtonian way[15]
A(T ) =
dV (T )
dT
. (14)
This is clearly the acceleration that an observer in ref-
erence frame R would measure. How is this acceleration
perceived by an observer moving with the object? This
is not a perfectly “special relativity” question, since if the
object is continually accelerating, then so is the observer,
and therefore this observer is not always an inertial ob-
server. However, we can imagine that at each time, there
is an inertial observer that passes by our object with ex-
actly the instantaneous velocity of our object, and we can
ask what is the acceleration that is perceived by such an
observer at each time. This is a well defined question
that is within the purview of special relativity. We must
transform to the coordinates of the observer moving with
the instantaneous velocity of the object.
For simplicity, we will analyze acceleration in only one
direction, say the x direction. We consider an object
moving arbitrarily in reference frame R with trajectory
given by the coordinates (X(T ), T ). Then in a reference
frame R¯, which is moving at a fixed (time independent)
velocity v relative to R, the motion of the object will
have the trajectory (X¯(T¯ ), T¯ ). The standard formula for
the (Lorentz) transformation of the coordinates, at each
given moment, is given by:
X¯ = γv(X − vT ) (15)
T¯ = γv(T − vX) (16)
where γv = 1/
√
1− v2. We will also need the inverse
relations:
X = γv(X¯ + vT¯ ) (17)
T = γv(T¯ + vX¯) (18)
We emphasize that v is the constant, time independent,
relative velocity between the two reference frames R and
R¯. It should not be confused with what we will call V
or V¯ , which are the velocity of the object moving with
an arbitrary trajectory as seen by an observer in each
reference frame, respectively. The velocity of the object
in reference frame R is simply
V (T ) =
dX(T )
dT
(19)
and the velocity of the object in reference frame R¯ is
V¯ (T¯ ) =
dX¯(T¯ )
dT¯
, (20)
while the acceleration of the object in reference frame R
is simply
A(T ) =
d2X(T )
dT 2
=
dV (T )
dT
(21)
and the acceleration of the object in reference frame R¯ is
A¯(T¯ ) =
dX¯2(T¯ )
dT¯ 2
=
dV¯ (T¯ )
dT¯
. (22)
To find the formula for the transformation of acceleration
we must differentiate Eqn.(15) twice with respect to T¯ ,
and then express the result in terms of v, V (T ) and A(T ).
Differentiating once we find
V¯ (T¯ ) =
dX¯(T¯ )
dT¯
= γv
(
dX(T )
dT¯
− v dT
dT¯
)
= γv
(
dX(T )
dT
− v
)
dT
dT¯
= γv (V (T )− v) dT
dT¯
.
(23)
Now differentiating Eqn.(18) with respect to T¯ we get
dT
dT¯
= γv
(
1 + vV¯ (T¯ )
)
(24)
therefore we get
V¯ (T¯ ) = γv (V (T )− v) γv
(
1 + vV¯ (T¯ )
)
. (25)
This linear relation for V¯ (T¯ ) can easily be solved as
V¯ (T¯ ) =
(
V (T )− v
1− vV (T )
)
(26)
which is the well known formula for the addition of veloc-
ities. Taking another derivative with respect to T¯ gives
A¯(T¯ ) =
dV¯ (T¯ )
dT¯
=
1
(1− vV (T ))
dV (T )
dT¯
− (V (T )− v)
(1− vV (T ))2 (−v)
dV (T )
dT¯
=
(1− v2)
(1− vV (T ))2
dV (T )
dT
dT
dT¯
=
(1− v2)
(1− vV (T ))2A(T )γv
(
1− vV¯ (T¯ )) . (27)
6Replacing for V¯ from Eqn.(26) gives the formula for the
transformation of the acceleration
A¯(T¯ ) =
A(T )
γ3v (1− vV (T ))3
. (28)
2. The uniformly accelerated observer
The notion of uniform acceleration makes sense in the
following way. At each instant during the acceleration,
the inertial observer travelling at the instantaneous veloc-
ity of the accelerated object will see the accelerated ob-
ject as moving non-relativistically and will actually be ac-
celerating from rest (of course the inertial observer could
have a small relative velocity will also be fine for this
analysis, but the analysis is clearest with zero relative ve-
locity). Hence we can be confident that the acceleration
this observer measures is given by the non-relativistic
formula. Then we can impose that such observers (a
different one at each instant) always measure the same
acceleration, as the definition of a uniformly accelerating
object.
Therefore we impose, for each observer (different ob-
servers at different times) travelling with velocity v =
V (T ), the acceleration that each one measures is a con-
stant that we call g, using Eqn.(28):
A¯(T¯ )|v=V (T ) ≡ g = A(T )
γ3V (T ) (1− (V (T ))2)3
= γ3V (T )A(T )
= γ3V (T )
dV (T )
dT
. (29)
This yields the differential equation for V (T )
dV (T )
dT
= g(1− V 2(T )) 32 (30)
which, with the initial condition that V = 0 at T = 0,
integrates as
V (T ) =
gT
(1 + (gT )2)
1
2
. (31)
This formula is easily inverted as
T (V ) =
1
g
V (T )√
1− (V (T ))2 . (32)
Therefore we can identify T ′, the coordinate time of twin
A at the end of the acceleration as seen in Fig.(1), as a
function of the coasting velocity V as
T ′ =
1
g
V√
1− V 2 (33)
and equally well
V = V (T ′) =
gT ′
(1 + (gT ′)2)
1
2
. (34)
We can integrate the formula of Eqn.(31) once to find the
position of the uniformly accelerated object as a function
of coordinate time as
X(T ) =
1
g
((
1 + (gT )
2
) 1
2 − 1
)
+X(0). (35)
3. Proper time of B as calculated by A
We can now use this formula of Eqn.(31) for the ve-
locity of a uniformly accelerated object as a function of
the coordinate time T , to find the proper time of B as
a function of its coordinate time TB according to A. If
we write the (differential) of the proper time of B, using
Eqn. (4), in terms of the coordinates of B according to
A, we find
dτ2B(A) = dT
2
B − dX2B (36)
=
(
1−
(
dXB
dTB
)2)
dT 2B
=
(
1− V (TB)2
)
dT 2B (37)
The velocity of B as a function of its coordinate time TB
(as measured by A), will be given by Eqn.(31), as
V (TB) =
gTB
(1 + (gTB)2)
1
2
(38)
thus
dτB(A)=
(
1− (gTB)
2
1 + (gTB)2
) 1
2
dTB
=
1
(1 + (gTB)2)
1
2
dTB. (39)
This integrates easily as
τB(A) =
1
g
arcsinh(gTB) (40)
satisfying the boundary condition that τB(A)|TB=0 = 0.
Therefore for the accelerating period α, which goes from
TB : 0 → T ′ (and by symmetry for each accelerating
period) we have the elapsed proper time according to A
is
τB,α(A) =
1
g
arcsinh(gT ′). (41)
From Eqns. (10) and (13), (41) we conclude that the
total elapsed proper time of the trip for B according to
A is
∆τB(A) =
2T0
γV
+
4
g
arcsinh(gT ′) . (42)
We will show below that this is less than ∆τA(A) = TF ,
the elapsed proper time of A according to A, and hence
the travelling twin, B, is younger.
7We will find it useful in the sequel, to treat the proper
time of B, τB as the independent variable, inverting
Eqn.(40) as
TB(τB) =
1
g
sinh(gτB). (43)
With Eqn. (36) and (40), one can easily determine XB
as a function of τB. Indeed,(
dXB(τB)
dτB
)2
=
(
dTB(τB)
dτB
)2
− 1
= cosh2(gτB)− 1
= sinh2(gτB). (44)
This integrates trivially as
XB(τB) =
1
g
cosh(gτB)− 1
g
(45)
imposing the boundary condition that XB(τB = 0) = 0.
Thus we find a unified expression, which will be used
later,
XB(τB) =
1
g
cosh(gτB)− 1
g
(46)
TB(τB) =
1
g
sinh(gτB) . (47)
The graphical depiction of the motion for the first accel-
eration period is given in Figure (2).
4. Resolution of the twin paradox according to A
The elapsed proper time for A according to A was
found to be, Eqn.(10)
∆τA(A) = TF = 2T0 + 4T
′ (48)
and the corresponding elapsed proper time of B according
to A, from Eqn.(42)
∆τB(A) =
2T0
γV
+
4
g
arcsinh(gT ′) . (49)
The first terms in both Eqn.(48) and Eqn.(49) are just
the special relativistic elapsed proper times for the two
coasting periods, for each twin. Since γV ≥ 1 clearly the
lapse of proper time for A is longer than for B in those
two periods,
2T0 ≥ 2T0
γV
. (50)
This inequality corresponds to the usual resolution of
the twin paradox, when the accelerating periods are ne-
glected, according to the twin A, who does not move. It
is also the source of the twin paradox, if we neglect the
accelerated parts of the trajectory and invoke complete
accelerated twin B
unaccelerated twin A
line of simultaneitiy of the
end of acceleration time T'
edge of the
Rindler wedge
edge of the
Rindler wedge
-1
g
X
T
FIG. 2: Trajectories of A and B for the first accelerating
period in the coordinate system of twin A.
symmetry between the coasting portions of the trajec-
tory. Then, twin B could make the same conclusion about
the “motion” of twin A, and come up with the paradox
that it must be in fact twin A who is younger. As we
will explicitly see, it is wrong to neglect the accelerated
part of the trajectory of twin B and it is wrong to imag-
ine that the motion is completely symmetric even for the
unaccelerated, coasting parts of the trajectories.
Looking in detail at the lapse of proper time during
the accelerating periods, we can use the explicit analytic
formula for the arcsinhx = ln(x+
√
x2 + 1) to write
4
g
arcsinh(gT ′) ≤ 4T ′
⇒ gT ′ +
√
(gT ′)2 + 1 ≤ egT ′ (51)
comparing the lapse of proper time during the accelerat-
ing periods. The inequality (51) is not obviously valid,
however it is easy to prove, see [16]. Therefore, for the
accelerating part of the trajectory, we also have
4
g
arcsinh(gT ′) ≤ 4T ′ (52)
and hence the elapsed proper time during the accelerated
part of the trajectory is also greater for twin A than for
twin B.
Thus the calculation from A’s side clearly gives the
expected result, that A, who does not travel, will be older
than B, when B, who does travel, returns.
8line of simulataneity
for T ' (in the coordinate
system of twin A)
accelerated twin B
unaccelerated twin A
edge of the Rindler wedge
-1
g
X˜
T˜
FIG. 3: Trajectories of A and B for the first accelerating
period in the coordinate system of twin B.
C. Interlude
In this section, we will analyze the reference frame,
more generally the coordinate system, that is appropri-
ate for twin B. We will impose that in this coordinate
system, twin B’s position is always at rest at its origin;
twin B does not move in his or her coordinate system.
Then, it cannot be a simple inertial reference frame, as
twin B suffers acceleration. During the coasting periods
the coordinate system of twin B will simply be an in-
ertial reference frame, however, during the accelerating
periods, it must be something different.
1. Accelerating phase
The coordinate system during the accelerating phase
cannot be an inertial reference frame, as any inertial ob-
server will see twin B as accelerating. The remainder
of this subsection makes precise the trajectories that are
depicted in Fig.(3) which is the the new, non-inertial co-
ordinate system that is required. Taking a hint from the
expressions for the coordinates of B according to A as a
function of the proper time of B, Eqns.(46,47), we con-
sider the transformation of coordinates between (T,X)
for twin A and (T˜ , X˜) for twin B
X =
(
1
g
+ X˜
)
cosh(gT˜ )− 1
g
(53)
T =
(
1
g
+ X˜
)
sinh(gT˜ ) . (54)
with the corresponding (somewhat more complicated) in-
verse transformation
X˜ =
√√√√((X + 1
g
)2
− T 2
)
− 1
g
(55)
T˜ =
1
g
arctanh
(
T
X + 1g
)
. (56)
These coordinates, (T˜ , X˜), are called Kottler-Rindler [8–
10] coordinates and they are valid in the Kottler-Rindler
wedge defined by X ∈ [− 1g ,∞] and |T | ≤ X + 1g or cor-
respondingly, X˜ ∈ [− 1g ,∞] and T˜ ∈ [−∞,∞]. There are
in fact, a multitude of coordinates that can be assigned
to twin B, however the Kottler-Rindler system is conve-
nient since there is a physical interpretation for (T˜ , X˜).
Clearly for X˜ = 0 we regain Eqns. (46) and (47), adding
labels to make clear these are the positions and time of
B according to A in terms of T˜ according to B,
XB =
1
g
cosh(gT˜B)− 1
g
(57)
TB =
1
g
sinh(gT˜B) . (58)
Thus we can confidently ascribe the coordinates (T˜ , X˜)
to twin B, and in these coordinates, twin B sits at X˜ = 0
throughout the accelerating phase. This also means that
the coordinate T˜ can in fact be identified with the proper
time for twin B by comparison again with Eqns. (46) and
(47). We will verify this fact by explicitly computing the
metric in the coordinates (T˜ , X˜).
Different constant values of X˜ correspond to objects
or observers that are moving with respect to twin A,
but staying at a fixed coordinate distance X˜ from twin B
during the accelerating phase. At fixed X˜, Eqns, (53) and
(54) correspond to hyperbolas in the coordinate system
(X,T ). Indeed(
X +
1
g
)2
− T 2 =
(
1
g
+ X˜
)2
(59)
which is a family of hyperbolas parametrized by X˜. Thus
an observer with fixed X˜ moves along the corresponding
hyperbola as T˜ evolves. This observer is also a uni-
formly accelerated observer however with acceleration
g/
(
1 + gX˜
)
, with the initial position that at T˜ = 0
this observer is at the position (T,X) = (0, X˜). The
coordinate distance according to twin A, between an ob-
server at X˜ = 0 and one at fixed X˜ 6= 0 is not constant.
This distance grows proportional to cosh(gT˜ ). Hence, for
example, a rigid body must have different accelerations
from one end to the other if it is to not contract or expand
during its trajectory. We will not pursue this aspect of
the Kottler-Rindler system of coordinates here. On the
other hand, curves of fixed T˜ correspond to
T =
(
X +
1
g
)
tanh(gT˜ ) (60)
9which are straight lines of slope tanh(gT˜ ) passing
through the point (− 1g , 0), which is the focus of the hy-
perbolas Eqn.(59).
The velocity of twin B according to twin A is given by
VB =
dXB
dTB
=
dX
dT
∣∣∣∣
X˜=0
. (61)
The constraint X˜ = 0 implicitly defines X as a function
of T through the hyperbola in Eqn.(59). When X˜ = 0, we
are explicitly describing the trajectory of B in coordinates
of A, and thus we should replace X → XB and T → TB.
Differentiating Eqn.(59) gives(
XB +
1
g
)(
dXB
dTB
∣∣∣∣
X˜=0
)
− TB = 0 (62)
and solving for the velocity gives
VB =
dXB
dTB
∣∣∣∣
X˜=0
=
TB(
XB +
1
g
) = TB√(
1
g + X˜
)2∣∣∣∣
X˜=0
+ T 2B
=
gTB√
1 + (gTB)2
(63)
as we found previously for the uniformly accelerated ob-
server in Eqn.(31). The accelerating phase of twin B must
end when twin A measures time T ′ in reference frame R,
as in Fig. (1). Hence we define T˜ ′, from Eqn.(58) as
T ′ =
1
g
sinh(gT˜ ′) (64)
the coordinate time according to twin B when the accel-
eration stops, and
V =
gT ′√
1 + (gT ′)2
= tanh(gT˜ ′). (65)
We can ask where does twin A appear in the coordi-
nates (T˜ , X˜) as far a twin B is concerned? From Eqn.(53)
we have the position X = 0 corresponds to
0 =
(
1
g
+ X˜
)
cosh(gT˜ )− 1
g
. (66)
This is easily solved for X˜ as
X˜(T˜ ) =
1
g
(
sech(gT˜ )− 1
)
(67)
which asymptotes to X˜ = − 1g . Notice that sech(x) ≤ 1,
hence twin B sees twin A as moving in the negative X˜
direction, but as far as twin B is concerned, twin A moves
in the negative X˜ direction but never manages to escape,
achieving asymptotically − 1g as T˜ → ∞, if indeed twin
B accelerated forever.
This boundary is called the horizon or edge of the
Rindler wedge, the accelerated observer cannot see the
whole of the Minkowski spacetime. As we noted before,
the limits to the Kottler-Rindler coordinates correspond
to the lines, in Minkowski spacetime,
X = ±T − 1
g
. (68)
These are lines of slope ±1 that pass through X = − 1g
at T = 0. Of course, in this limit, according to twin A,
the position of twin B is at X = 1g cosh(gT˜ ) − 1g → ∞
and T = 1g sinh(gT˜ )→∞.
The point is that the Kottler-Rindler coordinates only
cover the patch of Minkowski coordinates with
(
X +
1
g
)2
≥ T 2 (69)
which is a wedge of Minkowski space bounded by the
lines of slope ±1 that pass through X = − 1g at T = 0.
Twin A, who sits at X = 0 can only move from T = 0 to
T = 1g as T˜ → +∞ as is clear from Eqn.(60). Of course,
this is not a physical restriction, only an artefact of the
Kottler-Rindler coordinate system, observers at X = 0
can move well past gT = 1, simply they are no longer
part of the Kottler-Rindler coordinate system.
Thus the apparent motion of twin A according to twin
B, cannot be described fully for the accelerating part of
the trajectory if the trajectory requires that gT ≥ 1. The
Kottler-Rindler coordinates are not expansive enough to
cover the whole of Minkowski spacetime, and we must
patch on new coordinates to cover the part of the space-
time for gT ≥ 1. However, for short enough accelera-
tions, the Kottler-Rindler coordinates are perfectly fine.
This is not a great restriction, physically, staying within
the Kottler-Rindler wedge only requires that the velocity
achieved by the travelling twin be less than VB = 1/
√
2,
which is quite relativistic and obtained by putting gT = 1
in Eqn.(63). We will assume that the acceleration lasts
for such amount of time that the Kottler-Rindler coordi-
nates describe the trajectories completely, for each twin.
The formulae that we will finally realize, will be analytic
functions of the Minkowski coordinates, and we are confi-
dent that the machinery of differential geometry will give
the same analytic expressions if in fact we must patch on
more coordinates to cover the parts of Minkowski space-
time that are not covered by the Kottler-Rindler coordi-
nate system.
The metric in Kottler-Rindler coordinates is easily ob-
tained from the Minkowski metric. First we find the dif-
ferentials
dT = dX˜ sinh(gT˜ ) +
(
1
g
+ X˜
)
g cosh(gT˜ ) (70)
dX = dX˜ cosh(gT˜ ) +
(
1
g
+ X˜
)
g sinh(gT˜ ) (71)
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and then the metric is given by
dτ2 = dT 2 − dX2
=
(
dX˜ sinh(gT˜ ) +
(
1
g
+ X˜
)
g cosh(gT˜ )
)2
−
(
dX˜ cosh(gT˜ ) +
(
1
g
+ X˜
)
g sinh(gT˜ )
)2
=
(
1 + gX˜
)2
dT˜ 2 − dX˜2. (72)
Thus we confirm explicitly, for twin B which corresponds
to X˜ = 0, we have
dτ2 = dT˜ 2 (73)
and the lapse of proper time ∆τB(B) = ∆T˜B, the lapse of
coordinate time of B. We underline that this is only true
for B, for other observers or objects, for example twin A,
which move at X˜ 6= 0 will not have this simple relation
between the proper time and the coordinate time, and
the full metric given in Eqn.(72) must be used.
2. Coasting phase
During the coasting phase the coordinate system of
twin B will be an inertial reference frame. Thus we will
have a simple Lorentz transformation between the coor-
dinates of A and B:
X −X ′ = γV
(
X˜ + V
(
T˜ − T˜ ′
))
(74)
T − T ′ = γV
(
V X˜ +
(
T˜ − T˜ ′
))
(75)
The Lorentz transformation has been appropriately
shifted so that when the coordinates of B, (T˜ , X˜) =
(T˜ ′, 0), (T˜ ′ was defined by Eqn.(64)), the coordinates A
are given by (T,X) = (T ′, X ′) which is the start of the
coasting period.
According to A, the coasting period lasts for a coordi-
nate time T0 during which B moves from X ′ to X ′ + L
at velocity V . From B’s point of view, the point with
coordinates X ′ +L according to A, is moving towards B
with velocity −V while B is always just staying at X˜ = 0.
Replacing X = X ′ + L and (T˜ , X˜) = (T˜ ′, L˜) in Eqn.(74)
we find
L = γV L˜ (76)
and therefore, L˜ = L/γV < L. This is the first clear sign
that the two coasting periods are not symmetric. The
distance to the beginning of the decelerating phase ac-
cording to A is L, but according to B it is L/γV . Why
does this asymmetry come about? It is because there
is a physical turn around point, a distance L away from
when B starts to coast, according to A. A measures this
distance at rest, and therefore L represents the proper
length of the space interval between A and whatever the
turn around point is. There is a physical difference be-
tween the two twins, A just stays put and is always in an
inertial reference frame in which the turn around point is
also at rest. B moves and we know that B moves because
he or she suffers acceleration. This same turn around
point approaches B at velocity −V but is only a distance
L/γV away, according to B.
This asymmetry of the coasting periods does not seem
to have been clearly identified in the extant literature. It
is this asymmetry that can be used to resolve the twin
paradox if the calculation is done according to twin A.
However, if the calculation is done according to twin B,
this asymmetry only exacerbates the twin paradox. If
only this asymmetry is taken into account, then B finds
that A should be even younger than what A finds B to
be. In the calculation according to B, the accelerating
periods, especially the acceleration at the turn around
point, play a crucial role to resolve the paradox.
In conclusion, the usual manner in which the twin
paradox is evinced, that the coasting periods are all that
really matter, and that they are symmetric therefore each
twin should think that the other is equally younger, is
simply not true.
3. Decelerating phase
The periods of deceleration, γ and δ, will be associated
to somewhat different hyperbolas, but the motion is quite
similar. We will simply replace g → −g in Eqns. (53)
and (54). This gives
X =
(
X˜ − 1
g
)
cosh(gT˜ ) +
1
g
(77)
T = −
(
X˜ − 1
g
)
sinh(gT˜ ) . (78)
with corresponding hyperbola(
X − 1
g
)2
− T 2 =
(
X˜ − 1
g
)2
, (79)
which is also a family of hyperbolas parametrized by X˜.
We realize that we are interested in the left branch of
this set of hyperbolas, which is the decelerating branch.
This requires that X˜ ≤ 1g which then imposes that X ≤
1
g . Because of this, the time T˜ and T run in the same
direction, in Eqn.(78), −
(
X˜ − 1g
)
is positive.
Simple deceleration is not enough, we want that the
trajectory of the decelerating observer to be defined by
X˜ = 0, to pass through the turn around point at the cor-
rect spacetime point in the coordinates of A, (TD, XD) =
(T0 + 2T
′, X0 + 2X ′) when T˜ = T˜D (the value of T˜D is
actually not required for our analysis, it can of course be
determined as the sum of the lapse of coordinate time of
B for the accelerating phase, the coasting phase and the
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decelerating phase). Thus we shift the hyperbola as
X −XD =
(
X˜ − 1
g
)
cosh(g
(
T˜ − T˜D
)
) +
1
g
(80)
T − TD = −
(
X˜ − 1
g
)
sinh(g
(
T˜ − T˜D
)
) . (81)
This is now a hyperbola that passes through X = XD +
X˜ = X0 + 2X
′ + X˜ and and T = TD = T0 + 2T ′ when
T˜ = T˜D. Clearly(
X −XD − 1
g
)2
− (T − TD)2 =
(
X˜ − 1
g
)2
(82)
which is the equation of a family of hyperbolas,
parametrized by X˜, symmetric about
(
TD, XD +
1
g
)
.
We choose the left branch (decelerating) by imposing that
X˜ ≤ 1g . As mentioned above, the hyperbola for X˜ = 0
corresponds to the trajectory of twin B and at T˜ = T˜D,
twin B will be at the turn around point (XD, TD) in the
coordinate system of twin A.
It is easy to check that the metric in these coordinates
for the decelerating phase is exactly as before except g →
−g
dτ2 =
(
1− gX˜
)2
dT˜ 2 − dX˜2. (83)
To compute the elapsed proper time for twin B during
the decelerating phase, we should integrate T˜ from T˜D−
T˜ ′ → T˜D where T˜ ′ is defined as the lapse of coordinate
time of B during the accelerating phase, during which
the coordinate time of A increases from 0 to T ′. Then
from Eqn.(64), we have
T˜ ′ =
1
g
arcsinh (gT ′) . (84)
It is clear that to decelerate from V to 0 will take the
same amount of coordinate time for B as to accelerate
from 0 to V . As the position of B is at X˜ = 0, the
lapse of coordinate time of B according to B during the
decelerating phase is simply equal to the lapse of proper
time of B according to B and hence ∆τB,γ(B) = T˜ ′ =
1
g arcsinh (gT
′).
D. Elapsed proper time of B according to B
To compute the elapsed proper time of B according to
B is very easy since according to B, B stays put at X˜ = 0
for the entire journey. For accelerating and decelerating
parts of the trajectory α and for γ, we have already cal-
culated the elapsed proper time, from Eqn.(64) and from
Eqn.(84) we have
∆τB,α = ∆τB,γ = T˜
′ =
1
g
arcsinh (gT ′) . (85)
For the coasting period β we must compute the change
in the coordinate time of B according to B and then con-
vert this to proper time of B according to B. The coasting
period starts at (T˜ , X˜) = (T˜ ′, 0) and ends when the co-
ordinates of A are (T ′ + T0, X ′ + L). Replacing the end
coordinates into Eqn.(75), imposing X˜ = 0 and labelling
T˜0 + T˜
′ as the coordinate time when the coasting phase
stops, (clearly T˜0 is the elapsed coordinate time during
the coasting phase according to B), we find
T0 = γV
(
(T˜0 + T˜
′)− T˜ ′
)
, (86)
which gives
T˜0 =
T0
γV
. (87)
The elapsed coordinate time for B is shorter than the
elapsed coordinate time for A which makes plain the lack
of symmetry between the two twins during the coasting
period.
The corresponding elapsed proper time of B then is
then easily computed as the metric is just the Minkowski
metric
dτ2 = dT˜ 2 − dX˜2 = dT˜ 2 (88)
since dX˜ = 0. Integrating from T˜ ′ → T˜ ′ + T˜0 gives
∆τB,β(B) = T˜0 =
T0
γV
. (89)
Adding all the contributions together from Eqns. (85)
and (90) and invoking symmetry for the return part of
the journey, we find
∆τB(B) = (∆τB,α(B) + ∆τB,β(B) + ∆τB,γ(B))× 2
= 2
T0
γV
+ 4
1
g
arcsinh (gT ′) (90)
which is exactly the same as what A calculated, Eqn.(49)
∆τB(B) = ∆τB(A). (91)
E. Elapsed proper time of A according to B
Finally, we must compute the elapsed proper time of
A according to B. This is the most complicated of the
calculations. We have only seen such a calculation using
the machinery of differential geometry and general rela-
tivity [3]. Here we will show how to do the calculation
using only simple changes of variable, which are actually
the coordinates. No knowledge of general relativity or
differential geometry is required. It is clear that we must
only compute the proper time for the phases α, β, γ, the
rest of the trajectory just gives twice this answer.
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1. Accelerating phase
During the accelerating phase we have found the co-
ordinate transformation given in Eqns.(53) and (54) is
appropriate. In this transformation, twin A stays put at
X = 0. This gives
0 =
(
1
g
+ X˜
)
cosh(gT˜ )− 1
g
(92)
T =
(
1
g
+ X˜
)
sinh(gT˜ ) (93)
which can be solved for X˜ as
X˜A =
1
g
(
sech(gT˜A)− 1
)
. (94)
Replacing this in Eqn.(93) gives
TA =
1
g
tanh(gT˜A). (95)
We note that remarkably, this relation between TA and
T˜A for the motion of A according to B is not the same
as the relation between TB and T˜B for the motion of B
according to B given in Eqn.(58):
TB =
1
g
sinh(gT˜B). (96)
The accelerating phase terminates when TB = T ′ the
time of B according to A and in principle when TA = T ′
the time of A according to A. These times (according to
A) give rise to different times for when the acceleration
stops, according to B. This is easily understood by the
notion of the relativity of simultaneity. The two events
when TA = T ′ and when TB = T ′ are simultaneous ac-
cording to A, but occur at different spatial points. Al-
though they are simultaneous for A, they are not for B.
Drawing the surfaces of simultaneity, in each twin’s ref-
erence frame, we would see, for example, that when B’s
proper time is such that the initial acceleration period
stops, two different times are relevant to describe A. In
A’s frame, B stopping is simultaneous to A having aged
T = T ′, which is the description encoded in Eqn.(96).
However, what is now relevant is that in B’s frame, B
stopping is simultaneous to A having aged according to
Eqn.(95).
There is also another mismatch that occurs that is
worth elaborating. The velocity of A according to B at
the end of the accelerating phase will be
VA(B) =
dX˜A
dT˜
∣∣∣∣∣
T˜ ′
= − tanh(gT˜ ′) sech(gT˜ ′)
6= −V = − tanh(gT˜ ′) (97)
Thus B at the end of the accelerating phase, does not
see A receding with velocity −V but with a somewhat
smaller velocity. When B stops accelerating, discontin-
uously or in reality, rather brusquely, he or she quickly
adopts the inertial coordinate system of Eqn.(74) and
(75). Physically, this change of coordinate system must
occur continuously, however it is normally the case that
it occurs rather fast. Treating it as if it is a discontinuous
change of coordinate system, then there is a discontinu-
ous change of the velocity from VA(B)→ −V . It is under-
stood that the 4-velocity of A, dX˜
µ
A
dτA(B)
, in the accelerating
Kottler-Rindler coordinate system of B just before the
acceleration stops and in the inertial Lorentz coordinate
system just after the acceleration stops, is related by the
standard tensorial relation between 4-vectors in different
coordinates systems, to the 4-velocity of A in the coordi-
nate system of A which is always (1, 0, 0, 0) (adding in the
Y and Z coordinates). Thus, any discontinuity is solely
due to a discontinuous change of coordinate system.
The metric for the Kottler-Rindler coordinates is given
by Eqn.(72)
dτ2 =
(
1 + gX˜
)2
dT˜ 2 − dX˜2 (98)
thus using Eqn.(94) for X˜A
dτA,α(B) =
(1 + gX˜A)2 −(dX˜A
dT˜A
)21/2 dT˜A
=
(
sech2(gT˜A)− tanh2(gT˜A) sech2(gT˜A)
)1/2
dT˜A
= sech2(gT˜A)dT˜A. (99)
This integrates trivially and gives, using the relation
Eqn.(96),
∆τA,α(B) =
∫ T˜B
0
sech2(gT˜A)dT˜A =
1
g
tanh(gT˜B)
=
1
g
sinh(gT˜B)
cosh(gT˜B)
=
T ′
(1 + (gT ′)2)1/2
. (100)
Thus the elapsed proper time of A according to B dur-
ing the accelerating phase α is less than what A would
calculate, T ′.
2. Coasting phase
During the coasting phase, as we have already ascer-
tained, the lapse of coordinate time for twin B is given
by Eqn.(87)
T˜0 =
T0
γV
. (101)
During this lapse of coordinate time of B, twin A moves
from X˜ = −X˜ ′ to
X˜ = −X˜ ′ − T˜0V. (102)
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The elapsed proper time is given by integrating
∆τA(B) =
∫ T˜ ′+T˜0
T˜ ′
dτA(B) =
∫ T˜ ′+T˜0
T˜ ′
(
1− V 2)1/2 dT˜
=
(
1− V 2)1/2 T˜0 = T˜0
γV
. (103)
Replacing in for T˜0 we find
∆τA(B) =
T0
γ2V
. (104)
As γV > 1 this is like a double whammy. During the
coasting period, the calculation of the proper time of A
according to B is even much smaller than the symmetric
calculation of the elapsed proper time of B according to
A, as given in Eqn. (13), ∆τB(A) = T0γV . The decelerating
phase must come to the rescue and give us back the true,
full lapse of proper time of A.
3. Decelerating phase
Naively, we might think that the lapse of proper time
in the accelerating phase and the decelerating phase for
A according to B would be equal. But this is simply not
true. It is the decelerating phase that makes up for all
the time lost that seems to be making A younger than
B.
Indeed, we compute the proper time in the same
manner for the decelerating phase as for the accelerat-
ing phase, notice the metric in Eqn.(72) changes with
g → −g,
dτ =
(1− gX˜)2 −(dX˜
dT˜
)21/2 dT˜ (105)
and replacing X = 0 in Eqn.(80) yields X˜A
X˜A = −
(
XD +
1
g
)
sech
(
g(T˜ − T˜D)
)
+
1
g
. (106)
Then we get, with a calculation very similar to that done
for Eqn.(99)
dτAγ(B) =
(
(1 + gXD) sech
2
(
g(T˜A − T˜D)
))
dT˜A
(107)
and integrating from T˜D − T˜ ′ to T˜D gives
∆τAγ(B) = (1 + gXD)
1
g
tanh
(
gT˜ ′
)
= (1 + g(X0 + 2X
′))
T ′
(1 + (gT ′)2)1/2
.
(108)
We note that ∆τAγ(B) can be as large as required because
of the additional term
g(X0 + 2X
′)
T ′
(1 + (gT ′)2)1/2
(109)
which compensates for the smaller lapse of proper time
of A according to B in the phases α and β.
4. Proper time of A as calculated by B
Now finally we can put all the pieces together to get,
since ∆τA(B) = (∆τAα(B) + ∆τAβ(B) + ∆τAγ(B))× 2
∆τA(B)/2 = ∆τAα(B) + ∆τAβ(B) + ∆τAγ(B)
=
T ′
(1 + (gT ′)2)1/2
+
T0
γ2V
+ (1 + g(X0 + 2X
′))
T ′
(1 + (gT ′)2)1/2
.
(110)
Then using
V
g
=
T ′
(1 + (gT ′)2)1/2
(111)
X ′ =
1
g
((
1 + (gT ′)2
)1/2
− 1
)
(112)
and X0 = V T0 we get
∆τA(B)/2 =
V
g
+
(
1− V 2)T0 + (1 + gV T0) V
g
+ 2
V
g
((
1 + (gT ′)2
)1/2
− 1
)
= T0 + 2
(
1 + (gT ′)2
)1/2 T ′
(1 + (gT ′)2)1/2
= T0 + 2T
′. (113)
Therefore we reproduce that the elapsed proper time of
A according to B is
∆τA(B) = 2T0 + 4T
′ = ∆τA(A) (114)
and from Eqn.(90) and Eqn.(49), we have
∆τB(B) = 2
T0
γV
+ 4
1
g
arcsinh (gT ′) = ∆τB(A) (115)
and of course
∆τB(A) = ∆τB(B) < ∆τA(B) = ∆τA(A). (116)
In conclusion, the twin paradox is completely resolved,
the sedentary twin A is older than the travelling twin B
after the journey, and we have explicitly shown how to do
the calculation of the elapsed proper time of each twin,
according to each twin.
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IV. COMMENTS ON MAUDLIN’S ANALYSIS
A. Is acceleration crucial to the resolution of the
twin paradox?
Philosopher of physics T. Maudlin analyzed the twin
paradox in his book Philosophy of Physics: Space and
Time, [7]. Maudlin quotes Feynman at length from the
book [12] and maintains that everything in the explana-
tion found there is wrong. Feynman is quoted as saying
So the way to state the rule is to say that the
man who has felt the accelerations, who has
seen things fall against the walls, and so on,
is the one who would be the younger; that is
the difference between them in an “absolute”
sense, and it is certainly correct.
Maudlin proceeds to try to demonstrate that acceleration
plays no role in explaining the end result. In his analysis,
he notes that the lengths of the accelerating parts of B’s
worldline can be made as small as possible, and so he
argues that the accelerating periods play no significant
role in the resolution of the twin paradox, as depicted in
Fig.(4). As he says on page 83: “the issue is how long
the world-lines are, not how bent”.
Twin A Twin B
X
T
FIG. 4: Infinite proper acceleration version of the twin para-
dox
Let us first try to understand why considering the ac-
celerating part of B’s journey is extremely important in
understanding the original twin paradox. Maudlin’s ar-
gument is that we can calculate the proper time of each
twin in a single Lorentz frame, and that it will yield the
correct result, thus nothing more needs to be said. The
same calculation done in any Lorentz frame will also lead
to the same conclusion: twin A must be older than twin
B at the end of the journey. So one may conclude that
there is no true paradox, the theory of special relativity
does not lead to any contradictory results.
To get to the crux of the issue we must ask: Why
would anyone think that the situation may be paradox-
ical? Exposure to the theory of special relativity and
the notion that all motion is relative, (certainly inertial
motion) one would think the situation is paradoxical be-
cause of the symmetry between A and B. A would de-
scribe the relative motion of B in “exactly the same way”
as B would describe the relative motion of A, and conse-
quently both twins should think the other must come out
to be younger. To uncover the fallacy of this argument
and resolve the paradox, we have to find a source for the
asymmetry of the situation. In flat infinite Minkowski
spacetime, i.e. in the original version of the paradox, as
Feynman says [12], it is the acceleration that gives rise
to the asymmetry.
Doing the calculation of proper times in B’s reference
frame and confirming the result obtained when doing the
calculation in A’s reference frame, might not be strictly
necessary in finding the age of both twins when they meet
after the journey, but it is crucial in demonstrating why
the twin paradox is not truly a paradox. From Section
(III E 3), we see that during the turnaround period, B
associates a time lapse to A which grows very rapidly,
balancing the slower aging of A, from B’s point of view,
during coasting periods and during the accelerating part
of B’s trajectory when he or she is near A. This alone
demystifies the sole argument that could lead people to
think a paradox exists, i.e. that during coasting periods,
both twins think the other ages less.
As we have shown, whether acceleration plays a small
role or an important role, depends on who is doing the
calculation. If it is twin A, then it is quite correct to
neglect the acceleration (if it is for a short time compared
to the coast times as in Fig.(4)), but if it is twin B, then
it is completely incorrect to neglect the acceleration. The
complete resolution of the paradox is obtained by doing
the calculation of the elapsed proper time of each twin,
according to each twin. It is not correct to neglect the
acceleration for the twin that takes the journey, and for
that twin’s calculation, it is crucial to take into account
the accelerated parts of the trajectory. Therefore it is
simply wrong to say that acceleration plays no role in
the resolution of the twin paradox.
Is acceleration crucial to the twin paradox? Consider
the situation in flat infinite spacetime, where no twin ever
undergoes acceleration, but they are moving at constant
speed relative to each other. Then both twins consider
the other to be aging slower, but this is perfectly well
understood in special relativity and time dilation. How-
ever, without acceleration, the twins never come back
together and so this in no way constitutes a paradox. To
obtain the paradox, one twin must necessarily undergo
acceleration. Period. No acceleration, no paradox.
Many different analyses of the resolution of the twin
paradox exist, however we feel the one presented here
that highlights the crucial role of acceleration, tackles it
with the most clarity. An enlightening discussion of the
many existing analyses can be found in [11].
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B. Modifying the twin paradox
Maudlin further elaborates his point by stating that
twin A could in fact accelerate the same amount as twin
B or even more than twin B, and still be older, as he
illustrates through the following example.
Maudlin modifies the circumstances of the twin para-
dox by considering a situation, where twin A undergoes
one small period of accelerated motion at the middle of
the journey, characterized by a triangular “bump” on the
Minkowski diagram of the frame of the original twin A
(see Figure (5)). It is clear that the acceleration of A can
Twin BTwin A
X
T
FIG. 5: New version of the twin paradox
be equal to or even greater than the acceleration of B.
However, because A’s worldline is still longer than B’s, A
ends up older than B, even though A underwent an equal
or greater amount of acceleration. Maudlin’s conclusion
then is that acceleration plays no role in the resolution
of the twin paradox.
But where is the paradox in this case? The motion
of the two twins is in no sense symmetric. There is no
symmetry argument that one could make that would lead
to a paradox. Simply we would have to do the calcula-
tion of the elapsed proper time of each twin according
to each twin and find the obvious fact that twin B ends
up younger. This modification of the circumstances does
not in the slightest take away from the fact that to do the
calculation of the elapsed proper time according to each
twin in this case, we must take great care to calculate
what happens during the accelerating phases.
It is true that when analyzing the problem from the
frame of reference of twin A, one can neglect the length
of the accelerating part of the travelling twin’s worldline,
when it is much shorter than the coasting part (as in
Fig(4)), and one does of course find the travelling twin
B to be younger. But the presence of acceleration is
necessary in even coming up with a paradox at all. This
is why introducing multiple periods of accelerations is
specious, it has no bearing on the original paradox.
Thus for the situation described by Maudlin as in
Fig(5), we have to ask ourselves: “Would there be any
conceptual benefit or clarification in analyzing the modi-
fied situation in any non-inertial reference frame, specifi-
cally the frames of reference of twin A or twin B, as both
undergo periods of acceleration?” We know we could
do it, and in the end we would (and must) obtain the
same result as having analyzed it in a convenient Lorentz
frame, for example that Lorentz frame in which twin A
is initially at rest. But would it provide any new insights
into the understanding of the original twin paradox? This
is the true question one has to ask when trying to gain
understanding of a paradox that doesn’t reside in the
calculations per se, but is paradoxical due to a faulty
understanding of the underlying physical circumstances.
Coming up with a situation which no one would think is
paradoxical does not help in resolving the original para-
dox, it only clouds the analysis.
Therefore we do not concur that this example has any
bearing on whether or not acceleration is crucial to the
resolution of the original twin paradox. It is simply clear
that viewing the original paradox in B’s frame, requires
analyzing the accelerating periods and this analysis pro-
vides a powerful conceptual understanding of the aging
process of both twins, which would otherwise not be ex-
plored if we had restricted ourselves to computing the
results only in the reference frame of A.
Maudlin imagines other modifications of the circum-
stances of the twin paradox, which we will briefly de-
scribe below, but which to us do not add clarity to the
issue. On pages 82-83 of his book, he states:
In Minkowski spacetime, at least one of the
twins must accelerate if they are to get back
together: as mentioned above, a pair of
straight lines in Minkowski spacetime can
meet at most once. This is incidental to the
effect: in General Relativity, twins who are
both on inertial trajectories at all times can
meet more than once, and show differential
aging when they meet.[7]
So then Maudlin considers other versions of the twin
paradox, in curved spacetime or closed, flat spacetime.
Maudlin mentions these new situations again in an at-
tempt to refute the relevance of the acceleration in the
original twin paradox. However, although these new sit-
uations constitute perhaps new paradoxes, they have no
bearing on the original twin paradox. When we con-
sider, for example, the twin paradox in a spacetime with
a closed spatial loop, there has to be something other
than acceleration causing the asymmetry in the situation,
so that the twin in the spaceship who “travels the whole
universe” and comes back is younger than his brother.
In that case, the source of the asymmetry resides in the
non-trivial topology of the considered spacetime (for a
detailed analysis, see [13, 14]). In these new situations,
global Lorentz symmetry is broken and some observers
are preferred for maximal aging along inertial trajecto-
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ries. However this case in no way has any bearing on
the understanding that the source of asymmetry in the
original twin paradox is the acceleration. The new para-
doxes have nothing to say about the original one. The
two problems are simply different, and so it is perfectly
consistent that both are explained by different mecha-
nisms, the explanation in one case has no application in
the other.
V. CONCLUSION
An analysis of the twin paradox from the point of view
of both twins was performed. It was found that during
the turnaround period, the travelling twin B, associates
to the sedentary twin A, a lapse of proper time which
goes by just fast enough so that it accounts for the A’s
apparent slower aging (according to B) during coasting
period and the initial accelerating period. It was then
argued that this particular analysis provided interesting
insights to the problem, namely in that it helped describe
how exactly the asymmetry arises between both twins’
journeys i.e. how the periods of acceleration affected
twin B’s analysis of events. It was also argued that one
should be careful in invoking different versions of the twin
paradox to explain a point about the “original” version:
in the end, each version is a different problem, and the
explanation of one obviously cannot carry to another.
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